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The Gaussian Mixture Model 2

« The GMM is used for representing how multi-dimensional
vectors (e.g., feature vectors) are distributed stochastically

Probability distribution:
K

Gaussian
distribution p(x) = z nkN(quk,Aﬁl)

k=1
Hi
«“> A Parameters to be estimated:

X2 Mixing ratios
T = [7T1, "'JT[K]

Mean vectors
p= [, Bkl

Precision matrices

X1 A=[Aq -, Ak]



Generative Story of GMM

« The GMM is a probabilistic model for clustering
= Each vector (sample) exclusively belongs to one of K classes

Probability distribution:

Gaussian K
distribution p(x) = Z nkN(quk,Aﬁl)

Uy k=1 Class

= Generative story: (_indicator
Draw a latent variable
z, ~ Categorical(z,|m)
Draw an observed variable

K
Xn ~ HN(xnlﬂk:Ail)an
k=1




Draw Latent Variables 4

« Latent variables are categorical distributed
= Draw each latent variable: z,, ~ Categorical(z,,|m) (m = [y, -, 7))
= Use an one-of-K representation: z,, = [Z,1, Zn2, Zn3, *** » Znk )

/

Suppose we cast a K-sided die defined by =

If we get “3” for the n*" trial, [ Only one of the elements
wesay z, =[0,0,1,0,0,0] takes the value of 1

In the generative story of GMM,
a class to which each sample
belongs is stochastically
determined by casting the die



Draw Observed Variables

« Observed variables are Gaussian distributed

- Draw each observed variable: x,, ~ [T¥_; N(x, |pi, A1) ™
= Use the k" Gaussian distribution when z,,, = 1

Expand the product:
3
—1\%n — — —
Xn ~ | | N(xp e, A ™ = N |y, AT N (x| o, AZ1) 72 N (x| 3, A3 1) 773
k=1
Suppose z,, = [0, 1,0]
Zoy = 1 _
Zn1 =0 on Xn ~ N(xnlﬂz»Azl)
M2 oo . The one-of-K representation can be
e A used as a class indicator (selector)
Xn N\
This makes the derivation of learning
Znz =0 algorithms easy (explained later)




Important Tips 6

« There are several kinds of K-dimensional values
« Random variables
« Mixingratios: m = [y, m,, -, T, =+, Tk ]
. Latentvariables: z,, = [z,1, 22, Znko = » Znk ]
- Categorical probabilities

. Posteriors: Yn = [Yn1u, Va2 " Yok =" Ynk|]

The values sum to unity

K K
Zﬂk=1 zznkzl Z]/nk=1
k=1 k=1

-\

k=1

A /™
[ 0<m <1 ][ Only one of the values is 1 ] 0<yu <1

The other values are 0




Probabilistic Modeling

 Generative story of the GMM
= Draw each latent variable: z,, ~ Categorical(z,,|m)

- Draw each observed variable: x,, ~ [T¥_; N(x, |pi, A1) ™
« Two major approaches

Maximum likelihood (ML) Bayesian
estimation estimation
Probabilistic p(X,Z; u, A) p(X,Z,u,A)
model =pX|Z; u, Np(Z; ) | = p(XI|Z,p, A)p(Z, m)p(m, p, A)

Latent variables

Posterior calculation

Z p(Z|X;m, u, A)
Parameters Point estimation
Tu A ', u, A" = argmaxp(X; T, u, A)

Posterior calculation
p(Z,m, p,AlX)




« Visualize dependency structures
= Nodes: random variables (shaded = observable)
= Edges: conditional dependencies
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Maximum Likelihood Estimation of
Finite Gaussian Mixture Models

Expectation-Maximization Algorithm
K-means Algorithm (Hard EM)



Unsupervised Learning for Unlabeled Data

« Suppose we have unlabeled height data
= We want to estimate
. the averages p and precisions A of the heights of male and female
. the ratios = of male and female

ll al Gender labels were lost!
Count — | Observed variables (heights): X

Latent variables (genders): Z

— B Assumption:
_ - | The height of each gender is

B Gaussian distributed

Height,




Finite Gaussian Mixture Model

« Suppose we have unlabeled height data
« We want to estimate
. the averages u and variances A of the heights of male and female
. theratios = of male and female

N
[ If we know the gender of each sample,
Count .
/ it is easy to calculate the above values

L
7' M / \ Our goal is
\_ \ unsupervised clustering
5* \ of height data

y B
—DPF/ ’// kﬁ:’:’%%’: >

Height




Probabilistic Modeling

 Generative story of the GMM
= Draw each latent variable: z,, ~ Categorical(z,,|m)

- Draw each observed variable: x,, ~ [T¥_; N(x, |pi, A1) ™
« Two major approaches

Maximum likelihood (ML) Bayesian
estimation estimation
Probabilistic p(X,Z; u,A) p(X,Z,u,A)
model = p(X1Z; u, Mp(Z; ) =p(X|Z,p, Np(Z, 0)p(mT, 1, A)

Latent variables

Posterior calculation

Z p(Z|X;m, u, A)
Parameters Point estimation
T, u A ), A" = argmax p(X; T, u, A)

Posterior calculation
p(Z,m, p,AlX)




Parameter Estimation: Genders Known

« Estimate the ratios, averages, and variances

k=1k=2
x; = 180cm Z; = 1 0 Sufficient statistics for each
I
x, = 170cm z, = _O 1 cassk(male or female)
n=l6bem =001 g0 3,
x, =175cm  z, =1,0] =1
Xg = 160cm Zs = -1, 0 N
1 [ _ S
x; = 155cm z, =[0,1 Sil¥] = Zznkxn -
1 [ n=1
x7 — 165cm Z7 — _O, 1_ N
xg =162cm  zg =[1,0] S, [xxT] = Zznk XL
xg — 150C'm Zg — :O, 1: n=1
Ratio: , = 24 Average: u, = g"[x] Variance: A3t =32 7

S.[1]

Skl1]




« Use posteriors instead of latent variables

x1 = 180cm
x, = 170cm
x3; = 166cm
x, = 175cm
xz = 160cm
X, = 155cm
X, = 165cm
xg = 162cm

X9 = 150cm

k=1k=2

9
_. ,. -
9 9
_.,. -
9 9
D
9
_.,. -
9
_.,. -
9
_.,. -
9
_.,. -

n (oY |

|

Responsibility
Yn = [Vn1,Vn2]

A

We cannot say z,;, = 1 for some k
with absolute certainty

p(z4
p(z;
p(z;3
p(Z4
p(Zs
p(Ze
p(z;
p(zg
p(Zog

= [0.99,0.01

k=1 k=2

0.90, 0.10]
0.60,0.40
0.95, 0.05]
0.10, 0.90]
0.05,0.95]
0.50, 0.50]
0.30,0.70]

0.01,0.99

To deal with uncertainty, we
estimate the posteriorof z,, = 1




Calculation of Sufficient Statistics

« Use posteriors instead of latent variables
- Take into account the uncertainty of latent variables (genders)

Genders known Genders unknown
N N
Sk[l] = z Znk Sk [x] — z Znk Xn z Vnk Sk 2 Vnk Xn
n=1 n=1
N
Sk [xxT] = z Znk xnxﬂ Sk [xx ] Z Vnk xnxﬂ
n=1 n=1
. o« _ Sgll] ook Sklx] . . A—1*% _ Sklxx] T
[Ratlo. T =50 Average: u;, = Sl Variance: A" = Sell] MRMRJ

How to estimate z or y
K-means algorithm (hard EM) EM algorithm

(deterministic hard assignment) (deterministic soft assignment)




Probabilistic Modeling

 Generative story of the GMM
= Draw each latent variable: z,, ~ Categorical(z,,|m)

- Draw each observed variable: x,, ~ [T¥_; N(x, |pi, A1) ™
« Two major approaches

Maximum likelihood (ML) Bayesian
estimation estimation
Probabilistic p(X,Z; u,A) p(X,Z,u,A)
model = p(X1Z; u, Mp(Z; ) =p(X|Z,p, Np(Z, 0)p(mT, 1, A)

Latent variables

Posterior calculation

Z p(Z|X;m, u, A)
Parameters Point estimation
Tu A ', u, A" = argmaxp(X; T, u, A)

Posterior calculation
p(Z,m, p,AlX)




Jensen’s Inequality

A basicinequality for convex functions
- Forms the basis of the EM and VB algorithms

K K
Convex function f(x) f x| <) A f(xg)
A <kzl k k) kZl k k

for auxiliary variables A
f(x2) suchthatYf_, 1, =1

7 ( [EGE dx) < [ aCor@a
(1 + A3x3)

> for auxiliary distribution g (x)
such that [ g(x)dx = 1




How to Use Jensen’s Inequality

« Change the order of “sum” and “convex function”

- Example: negative log of sum — sum of negative log

K

S xk S xk def
—log Zxk = —log ZAU— s—zaklog L) ya)
k=1 k k=1 k

k=1 Upper bound

When does the equality holds true (when is U(x, ) minimized)?
— Optimization problem with a constraint i K J

— Method of Lagrange multipliers Z A =1

2 OF (1)
FAYUL+w 1—2/1k > = —logx,|+logly +1 —w
FER . "
k=1 Equality condition
1 X
Solving IFD) _ 0, we get A, = xe® ! — el =& o | Ay = =

K
02y k=1%Xk k=1%k




How to Use Jensen’s Inequality

« Change the order of “sum” and “convex function”
- Example: negative log of sum — sum of negative log

p(x, )
()

p(x,z)
q(z)

=U(@q(x))

J q(z) log———
Upper bound

—logfp(x,z)dz = —logf q(z)

When does the equality holds true (when is U(g(x)) minimized)?
— Optimization problem with a constraint
— Method of Lagrange multipliers Z q(x) =1

F(g(x)) £ U(g(x)) + w (1 - f CI(x)dx> — Minimize as in the previous slide
Equality condition

p(,2) _pl2)
[pCx2dz~ p@)

q(z) = = p(z|x)




The Expectation-Maximization Algorithm

« A deterministic algorithm for ML estimation
= Suppose a probabilistic model p(X,Z;0) = p(X|Z; 0)p(Z; 0)
. X:observed variables Z:latent variables 0: parameters
- We aim to get ML estimates 8* = argmax p(X; 8) 9 Intractable!

logp(X; 0) = logfp(X, Z;0)dz

(X,Z:0) Introduce an arbitrary distribution ¢(Z)
72 az called a variational distribution

»(X,Z; 0) dZ{ Jensen'’s J The equality holds true
q(2) nequality ] when ¢*(2) = p(z|X; 6)

= [ a@10gp(x, 2:0)z - [ 42 10z4(2) E-step

~log [ a@)”

= j q(Z) log

—> Maximize lower bound Hard EM: ¢*(Z) = 64+ (2)
with respect to 6 Z" = argmax p(Z|X; 0)

M-step ]7




E Step for GMM

* |terate E-step and M-step alternately
- E-step: Calculate a posterior distribution over latent variables z

x, =180cm  z; =[?,?] ¥1 = p(z1|X) = [0.99,0.01]
x, =170cm  z, =[?,7] Y> = p(z,]X) = [0.90,0.10]
x; =166cm  z5 = [?,?] ¥z = p(z3]X) = [0.60,0.40]

N K

q*(Z) = p(ZIX;m,u,A) = | | p(zn|xn; T 1, A) = Vor®

n=1 n=1k=1 S —0u

Responsibility

Q" (Znk=1) = p(Znk = Llxy; 1, A)
How well the sample x,,
P(Xn, Znk = 11, 1, A) is explained by each cluster

=1 D (X, Znir = L1, A) S
1 How likely the sample x,,
N (% | e, A )

was to be generated
K —1
k’=1”k’N(xn|”k"Ak’ )

~ Yk from each cluster



M Step for GMM

* [terate E-step and M-step alternately
= M-step: Update parameters o, u, A
. Calculate sufficient statistics

1] Z Vnk Sk z Vnk Xn

Sk [xxT] = Z Vnk xnxg

. Estimate parameters

s L« Skll] % _ Sklx]
Ratio: ), = ST Mean: u;, = Seld]
Variance: 471" =36 _ ) 7

Skl1]




Hard EM Algorithm for GMM
« [terate M-step and M-step alternately

- M-step: Update latent variables Z </ Hard assignment |
o Z" =argmaxp(Z|X;m,u,A) = argmaxp(X,Z;m, u,A)
= M-step: Update parameters o, u, A
o T, 0, A" = argmax p(X|Z; m, u, A) = argmax p(X,Z; T, u, A)

/If the all A,’s are same,
the hard EM for GMM
reduces to the
k-means algorithm

- J




Hard EM vs. EM

» A key difference lies in how to deal with uncertainty
K-means algorithm EM algorithm
Latent variables Z Optimizing Marginalizing out
Parameters r, u, A Optimizing Optimizing
N N N N
Sell] = z Znk  SklX] = z Znk Xn Sell] = Z Ynk  Sklx] = z Vnk Xn
n=1 N n=1 n=1 N n=1
Sk [xxT] — Znk xnerl Sk [xxT] — Vnk xnerl




Bayesian Estimation of
Finite Gaussian Mixture Models

(Collapsed) Gibbs Sampling
(Collapsed) Variational Bayes



Bayesian Approach

« Regard parameters as random variables
= Introduce prior distributions on parameters

. The Dirichlet distribution

— A conjugate prior on categorical distributions

. The Gaussian-Wishart distribution

Dricnion1.1,1)
Diihio2.2.10)

— A conjugate prior on Gaussian distributions

a %
0 Dirichlet

‘

Diishle2.102)

Dirchion.8.08.0.8)

7

Categorical

@)

Gaussian

A

S

N

J

W 0.25 T v '
/ 0 o
0.15
0.1
\ v o~ -
O 00 10 20 30 40 50

Gaussian-Wishart

/mo
= \.30




Bayesian Approach

« Regard parameters as random variables
= Introduce prior distributions on parameters
= Calculate posterior distributions on random variables

p
Maximum likelihood estimation

Latent variables: p(Z|X; m, u, A)

S . .k _Sk[l] A
; Ratio: r;, = S Mean: u;, =

Variance: A; 1 = SS’;[[’;’]‘] — Wy

Sklx]
Skl1]

p
Bayesian estimation
p(X|Z,u, Mp(Z|m) x p(@pwA) —> p(Z,m p AlX)

Likelihood Prior Posterior

(X Zi ;A) Z w T ( ’A)
Bayes’ theorem: p(Z, 1, i, A|X) = |Z, 1 P; (L())p( p(p

. J
IS




Conjugate Priors

« Widely used for mathematical convenience

= The posterior p(8|X) takes the same form of the prior p(6)
for a particular type of the likelihood p(X]0)

« p(m),p(m|Z): Dirichlet p(Z|m): Categorical
. p(u,A),p(un, AlX, Z): Gaussian-Wishart p(X|Z, u, A): Gaussian
Dir(0|a) Changing a« from 0 to 2

2-dim. simplex
91 + 92 + 93 =1 92

a = [2,3,4] a = [6,2,6]




Probabilistic Modeling

 Generative story of the GMM
= Draw each latent variable: z,, ~ Categorical(z,,|m)

- Draw each observed variable: x,, ~ [T¥_; N(x, |pi, A1) ™
« Two major approaches

Maximum likelihood (ML) Bayesian
estimation estimation
Probabilistic p(X,Z; u,A) p(X,Z,u,A)
model = p(X1Z; u, Mp(Z; ) =p(X|Z,p, Np(Z, 0)p(mT, 1, A)

Latent variables

Posterior calculation

Z p(Z|X;m, u, A)
Parameters Point estimation
Tu A ', u, A" = argmaxp(X; T, u, A)

Posterior calculation
p(Z’ n’ ”’ AlX)




« Estimate the ratios, averages, and variances

k=1k=2
=180cm z; =[1,0
=170cm z, =[0,1
=166cm  z; =[1,0]
=175cm  z, =[1,0
=160cm z; =[1,0
= 155cm  z,=[0,1
= 165cm z, =[0,1]
= 162cm zg=[1,0
= 150cm z9=[0,1

Sufficient statistics for each
cluster k (male or female)

=3 s L)

How to calculate the posterior distribution p(mr, u, A|X, Z) ?




Bayesian Estimation for Categorical Distribution s

Calculate a posterior distribution on parameters

. The generative story

— Prior: m ~ Dir(ay) Posterior Prior Actual
. count count || count
— Likelihood: z,, ~ Categorical(z,|m) —

vV [l Ll

Ay = Qo + Si[1] ]

A _F(211§=1“0k) - ao—1
p(m) = Dir(rrlay) = i Tt Bnk

Bayes’ theorem:
p(m|Z)

K
p(Z|m) = 1_[ Categorical(z, |m) = 1_[ l_annk 1 = p(Z|m)p(m)

p(m|Z) = Dir(m|a) «

p(Z)
x P(’E |0)p (1)
K
F(Zk=1 aOk) na°k+sk[1]_1 { We do not need to J

Hﬁ’:l I'(aok) ) k directly ga!culate
- the normallzmg factor




Bayesian Estimation for Gaussian Distribution

« Calculate a posterior distribution on parameters u, A
. The generative story
— Prior: py, Ay ~ Ny |mg, (BoAr) ™ W (Ay|Wo, vo)
— Likelihood: x,, ~ [T¥_ N (x|, AxY) ™

K Posterior Prior || Actual
X count count || count
Pk, A) = ﬂfv(uk|mo, (Boi) ™ )W (A [Wo, vo) 2

k=1 Br = Bo + Skl1]
N K Lomy + Sk lx]
_ 4 m;, =
X|Z A =‘ H ‘Nx A71)™me__| Bayes TS 1
p(X|Z, (xn|pe, ARY) thoorem Bo + Si[1]
Lkt Vi = Vo + Sk[1]
AlX. Z) = : N AW (AL W Wi =Wqo' + fomoemy
p(u AlX, )—U (e |y, (BeAi)™ W (Ag Wi, vi) +S,. [xxT] — Bm;;mE

\_




« Use posteriors instead of latent variables

x1 = 180cm
x, = 170cm
x3; = 166cm
x, = 175cm
xz = 160cm
X, = 155cm
X, = 165cm
xg = 162cm

X9 = 150cm

k=1k=2

9
_. ,. -
9 9
_.,. -
9 9
D
9
_.,. -
9
_.,. -
9
_.,. -
9
_.,. -

n (oY |

|

Responsibility
Yn = [Vn1,Vn2]

A

We cannot say z,;, = 1 for some k
with absolute certainty

p(z4
p(z;
p(z;3
p(Z4
p(Zs
p(Ze
p(z;
p(zg
p(Zog

= [0.99,0.01

k=1 k=2

0.90, 0.10]
0.60,0.40
0.95, 0.05]
0.10, 0.90]
0.05,0.95]
0.50, 0.50]
0.30,0.70]

0.01,0.99

To deal with uncertainty, we
estimate the posteriorof z,, = 1




Calculation of Sufficient Statistics

« Use posteriors instead of latent variables
- Take into account the uncertainty of latent variables (genders)

Hard assignment Soft assignment
N N
Skl1] = z Znk  SklX] = Znk Xn Z Yk Sklx z Vnk Xn
n=1 n=1
N
Sk [xxT] = 2 Znk xnx;l; Sk [xx | Z Vnk xnx17;
n=1 n=1

How to estimate zor y

Gibbs sampling Variational Bayes
(stochastic algorithm) (deterministic algorithm)




Probabilistic Modeling

 Generative story of the GMM
= Draw each latent variable: z,, ~ Categorical(z,,|m)

- Draw each observed variable: x,, ~ [T¥_; N(x, |pi, A1) ™
« Two major approaches

Maximum likelihood (ML) Bayesian
estimation estimation
Probabilistic p(X,Z; u, A) p(X,Z,u,A)
model = p(X1Z; u, Mp(Z; ) =p(X|Z,p, Np(Z, 0)p(mT, 1, A)

Latent variables

Posterior calculation

Z p(Z|X;m, u, A)
Parameters Point estimation
Tu A ', u, A" = argmaxp(X; T, u, A)

Posterior calculation
p(Z’ n’ ”’ AlX)




Gibbs Sampling vs. Variational Bayes

« Choose an appropriate approach according to situations

= Each approach has pros and cons
- In general, Gibbs sampling is easy to implement

Gibbs sampling

Variational Bayes

estimation results

Convergencg Yes No
to true posterior
Judgment of Difficult Easy
convergence
Convergence Slow Fast
speed
Quality of High Moderate




The Gibbs Sampling

« A popular variant of Markov chain Monte Carlo (MCMC)
- Generate random samples from a probability distribution
p(X) = I even if the normalizing factor Z is intractable

z
= The acceptance ratio is 100%

/

p
Objective: Generate independent samples

from a probability distribution p(X)

1. Divide X into several groups X,,---, Xy,

2.fort =1:T This sampling needs
to be done easily

form=1M
(t4+1) | (t+1 t+1 t
< p (XD e XD, X

Sample x&“+Y

3. Pick up X® with a certain interval
\_

m+1 " 'XI(V?)

J




Gibbs Sampling for GMM

« Generate samples from p(Z, T, u, A|X) @_

- DIVIde {Z; U, A} into {Zl}) {ZZ}) "ty {ZN}) {Tl’}, {”) A}
= Iterate until convergence
. forn=1:N

@

&

— Sample z,, ~ p(z,|X,Z_p, 7, u, A) = p(zy|xp, 7, 4, A) N
. Sample m ~p(m|X,Z, u,A) = p(m|Z)
N _ EM algorithm:
. Sample u, A ~p(u,A|IX,Z, ™) = p(u,A|X, Z) soft assignment
TN (X |Pi, Ag) i ing:
Dt = 101, ) = < TN Gibbssamping:
=1 k! N (X | iyt Agr) 9 )

p(|Z) = Dir(w|a)
K

4[ See “Posterior Calculation: Genders Known” ]

p(,AIX,Z) = N (ug |my, (BeA) ™ HDW (A [Wy, vi)
k=1




The Variational Bayes

« A Bayesian extension of the EM algorithm
= We aim to approximate a true posterior p(Z|X) = p(Z|X)/p(X
as a factorizable distribution ¢(2) = [1%_,q(Z,,) (Intractable!
p(X,Z) p(X,Z)
q(Z) q(Z

- < Jensen’s
= J (1_[ Q(Zm)> (logP(X,Z) — Z logq(Z dZ,dZ,--dZy inequality
m=1 m=1
M
z < f q(Z,,) < f q(Z_)logp(X,Z z_m> dZ, — f q(Z) logq(Zm)dZm>

m=1
The lower bound is maximized when log q*(Z,,,) = (logp(X,Z)),(z_, ) + const.

PaN
[ The equality does NOT hold true! ] | VB-E step l | VB-M step l

dZ

logp(X) = logjp(X,Z)dZ = logj q(Z) dZ > jq(Z) log




Accuracy of Lower Bounding

« VB just approximates a true posterior p(Z|X)
= The accuracy depends on how to factorize a variational posterior g(Z)

0896 = [ a(@)10gpX0iz = [ q(2) 10 S DL
J q(Z)p(Z|X)
( p(X,Z) q(Z)
= | q(Z)lo dZ + | q(Z2) 1o dZ
) T8 @) 708 @)
— Kullback-Leibler (KL) divergence
LowerBound(q) + KL(q||p) betuseen
a variational posterior q(2)
Maximize = Minimize and a true posterior p(Z|X)

The KD divergence is 0 when ¢(Z) = p(Z|X) (intractable!)
N\

[ If (Z) is assumed to be factorized, the KD divergence cannot be 0! ]




VB for GMM

« Approximate a true posterior p(Z, T, u, A|X)
= Assume a variational distribution q(Z2)q(m)q(u, A) =~ p(Z, ™, u, A|X)
= Iteratively update (optimize) each factor
. VB-Estep
—logq*(Z) = (logp(X, Z, m, t, A)) gz un) + CONSL.
= (logp(X|Z, u, A)p(Z|7)) 4z un) + const.
. VB-Mstep
—logq* () = (logp(X,Z,, 4, A)) gz un) t+ const.
= (log p(Z|1r)p(1r))q(Z) + const.
—logq*(u,A) = (logp(X,Z,m,u, A)) gz ) + const.

= (logp(X|Z, pu, N)p(p, A))g(z) + const.
s

[ Tractable posteriors: Use responsibilities instead of latent variables ]




Formulation of GMM

« Formulate a full joint distribution G
p(X,Z, 7,1, A) = p(X|Z, p, A)p(Z|m)p(m)p(p, A)

N K
X1z = | || [ ¥l ait)™ @

n=1 k=1 N

N N K
p(Z|m) = | | Categorical(z,|m) = rZnk Likelihood
1_[ 1_“_[ ‘ j functions

@

n=1 n=1 k=1

p(m) = Dir(m|e,) =

(Zk 1“0k) op—1
[Ti=1 T(aor) 1_[ Prior

e distributions

p(p, A) = ]_[N(uk|mo (Boi) ™ )W (A [Wo, vo)
J




VB-E Step for GMM

* Invoke the updating formula of VB

- Take the expectation of the full joint probability distribution
under “factorized” variational posteriors over other variables

= Focus on only terms including Z
(other terms can be absorbed into the normalization factor)

logq™(Z) = (logp(X, Z,m, u, A)) g () + const.
= (logp(XI|Z, p, A)p(Z|m)p(m)p(1, A)) g () + COBSL.
= (logp(X|Z, u, A)p(Z|7)) 4z un) + const.

—1\%2n
p(XlZ,IJ,A) — nl_[N(xn|ﬂk;Ak1) )

n=1 k=

N
p(Z|m) = 1_[ Categorical(z, |mT) = 1_[ 1_[ nznk

n=1 k=1




VB-E Step for GMM

« Proceed the calculation according the updating rule
N

(logp(Z|m))g(m) = Z Z Znk {108 T ) g (m)

n=1k=1

N K
(logp(X1Z, p, M) gun) = Z Z (log N (xnlttic: A" ) o,
n=1k=1

logq™(Z) = (logp(Z|m))g(m) + (logp(X|Z, u, A))g(un) + const.
N K

Z z Znk (log T )q(m) T (log N(xnluk,Akl))q(uk Ak)) + const.

s
z z Znk 10g Ppie + const.




VB-E Step for GMM

 Calculate the variational posterior over latent variables Z
- The normalization factor is automatically determined

N K
. The distribution should be
logq*™(Z) = z z Znk 10g ppy + const. appropriately normalized

n=1k=1

. Pnk
Vnk = K
k'=1 pnk’

N K
log C[*(Z) — z z Znk logynk
n=1k=1
Latent variables are
categorical distributed!

N
Yok = 1_[ Categorical (z,,|y,)

n=1

1=
1=

q*(Z) =

S
I
[y
RA
Il
[y




VB-M Step for GMM

* Invoke the updating formula of VB

- Take the expectation of the full joint probability distribution
under “factorized” variational posteriors over other variables

= Focus on only terms including Z
(other terms can be absorbed into the normalization factor)

logq* (1) = (logp(X, Z, 7, t, A)) g z,.) + cOMSE.
= (log p(Z|m)p (1)) 4 (2) + CONSL.
= logp (1) + (logp(Z|1))4(z) + const.

log g (1, A) = (logp(X, Z,T, 1, A))g(zm) + const.
= (logp(X|Z, p, ) p(p, A))q(z) + const.
=logp(u, A) + (logp(X|Z, 1, A))g(z) + const.

Bayesian estimation in simple conjugate models!
(Use responsibilities g(Z) instead of latent variables Z)




VB-M Step for GMM 47

« Calculate the variational posteriors over parameters o, u, A

= The posteriors take the same forms of the priors

N
Sufficient
Se[1] = Z Vnk Sklx Z Vnk X Silxx"] = Z Vnk XnXn 4 statistics ]

N Posterior Prior Actual
p(m) = Dir(m|ao) count count || count
J ag = aox + Si[1] 7/—‘ V—

q"(m) = Dircrla) Bic = Bo + Sel1
N _ Bomy + Sk
P, A) = ﬂN(uk|mo, (BoA)™IW (AelWo,v0) — fo+Sill ]
l ot Vi = Vo + S l1]

-1 __ -1 T
g (wA) = ]_[N(uklmk, (Bih) W (A W vy) Wi = Wo' + Bomom
o1 +Sk[xx" | = Brmymy,




EMvs. VB

« Both methods have similar updating formulas

= EM: Using the values of parameters
N K

logp(Z|X;m,u, A) = z z Znk (lognk + log N(xnluk,Azl)) + const.
n=1k=1

= VB: Using the geometric means of parameters
N K

logq*(Z) = z z Znk ((log T )qm) T <log N(x"m"’A;l))q(uk,Ak)) + const.
n=1k=1

4 )

B D 1 1/ D )
(log N (x| i, Ay ))q(uk.Ak) = —7log(2m) + 5 (log Aw) — 5 5 + Vi (X — )" Wi (X, — my)

2 Ck+1—d
(10g | Al = ) () + Dlog2 + log |W,|
a=1




Log Function vs. Digamma Function

« The digamma function results in sparsifying effect
- Example: Dirichlet distribution [Small components tend to be degeneratecj

. Mean n ~ Dir(a) in Bayesian mixture modeling
9% . —
E[n,] = =% Discount!
k=1 k! exp (log(ay)) l
= exp(log(ay) —log(Xri—q @) pUOBL Ak
. Geometric mean
Glm] = exp(Ellog my ) P ()
= exp (Y (@) — Y(Zfrey apr))
exp(1(0.1)) = 0.00003 exp((10)) = 9.504
exp((0.5)) = 0.140 exp((1)) = 0.561 exp((100)) = 99.5004
exp(1(0.9)) = 0.470 exp((1000)) = 999.500



GSvs.EM vs. VB

« Both methods are based on similar updating formulas

= GS: Stochastic hard assignment
n-kN(xnlﬂkl Ak)
Ik{lzl ﬂklN(xnll,lkl, Ak’)

\

p(an — 1|xnr T, I":A) =

= EM: Deterministic soft assignment
TN (X | Pk, Ag)
I,§I=1 T N (X, | U, Ak,)/

q*(Zpx = 1xp, T u,A) =

S : )
= VB: Deterministic soft assignment
) N Gl JG[N (x| e, Ag)]
q (an — 1) - VK

N
N
Skl Zx
>k 1kn

N
Sk [xxT] = Z Znk xnx’l?;
n=1

Alace Znk
With Ynk

S
=

S

\




“Collapsed” Algorithms

« Reduce the number of variables for fast/better estimation
= The parameters can be marginalized out due to conjugacy

p(X,Z,m, 1, A) = p(X|Z, u,A)p(Zln)p(n)p(M,A) p(X|Z) = p(X|Z)p(Z)

Znk
p(Z|m) = 1_[ Categorical(z, |m) = 1_[ 1_[ \ Conjugacy holds true

n=1k= (Dirichlet-Categorical)
p(m) = Dir(m|a)

N K
—1\%n
p(Xlzl”)A) — HHN(xnlﬂk;Akl) )

n=1 k=1 > Conjugacy holds true
(Gaussian-Wishart-Gaussian)

/ Marginalization over mr, u, A
is analytically tractable!

p ) = | [ NGlmo, (BoA)™)W (A [Wo, v0)
k=1 J




Collapsed Gibbs Sampling for GMM

« Generate samples from p(Z|X)
= Divide {Z}into {z,},{z,},--,{zpn} @_
- fort=1:T
. forn=1:N
. Sample z, ~p(ZnlX, Z_) = p(2plxn, X_n, Z_p) N

p(an = 1|xan—n:Z—n) Xp(Zn = Lxp|X_n Z_5)

=pzZn = UZ_)p(xn|zne = 1L,X_, Z_y)

= jp(znk — 1|n)p(nlz—n)dnfp(xn|”k; Ak)p(ﬂkrAklx—nr Z—n) d”dek

(_ ) Product of two

" (—n) (—n) ( n) 4 ey S J
Ik{’ 1a(_ )St (xn‘mk »Lk +1-— D) predictive distributions
kl




Marginalizing Parameters Out

 Calculate predictive distributions
= Marginalize likelihood functions under posteriors

jP(an = 1mp(r|Z_,)dr = jnkDir (my|a™)dm = ————

Likelihood Posterior k'=1 akl

f DGl e AP et A |X s Z ) At d A

Likelihood Posterior

m{™, (ﬁ,ﬁ‘")/\k)_l) W (AW, v dpgdA

= j N (x| i, AN (uk

_ (1) y(-n) (1) , 4 _ )

= St (xnlmk ;Lk ;vk + 1 D) Sk[l] — z ZTL,k Sk[x] = z ankxnl
(=) n'+N n'+n

(-n) _ Vk +1-—-D (-n)

L, = 1+ (-n) Wy Se[xxT] = z znrkxn/ng
IBk n'#n /




Collapsed VB for GMM

« Approximate a posterior p(Z|X)
= Assume a variational distribution [TY_, q(z,,) = p(Z|X)
= Iteratively update (optimize) each factor
. CVB-E step: Invoke the updating formula of VB

log q*(zy,) = (logp(X, Z))q(z_,) + const.
= (10gp(Zn|X, Z—n)p(Xlz—n)p(z—n)>q(z_n) + const.
= (logp(z,|X,Z_n))q(z_,) + const.

p(an = 1|XrZ—n) X p(Znk = 1L, x| X_p, Z_1)

(—n)
a
k St(xn|m( O ALV LT D)
K a(_ n)
k’:l k’ N

[ Same as collapsed Gibbs sampling ]




CVB-E Step for GMM

« Calculate the variational posterior over latent variables Z
- The normalization factor is automatically determined

log ¢* (Zne = 1) = (log p(2,|X, Z_))q(z_y + const.

a,((_n)
(-n)

k’ 1 ak,

]og< (=n )> log Z < (= ")> 0-th order approximatic'm (CVBO)
= E[log x] = log E[x]

< ><(n)><(n)>+1 D)+const.
{ Zynk Se[x Zynkx,Skxx Zynkx,x,J

n'£N n'#n n'#n

= (log +log St (xnlm,(c_n),L,(;n) L D) + const.

+log St (xn




CGSvs. CVB

« Both methods are based on similar updating formulas

= CGS: Stochastic hard assignment
(-n)

a
Pz = 1x, X_, Z_)) = oK k me — St (xn|mk n) L( n), ( N D)
k=1 %
/\
Skl1] = z Zn'e Sklx] = Z ZypiiXy Silxx"] = Z Z! 1Ko Koy
n'+N n'#n n'#n

= CVB: Deterministic soft assignment

sl b ) 1)

Ay
) St(xn
zynk Sk Zynkx’ Skxx Z]/nkx /x/
n'£N n’#n n'#n

gz =1) = Z,}g’=1<a’((,n)>




Comparison

 All methods are based on similar updating formulas
= GS: Stochastic hard assignment

o P(Zpk = 1lxp, mp, A) X 1w N (X0 | g, Ag)

CGS: Stochastic hard assignment
(-n)

. p(an = 1|xn’X_n’ Z_n) — ZKak =5 St (xn|mk n) L( n) ( n) +1-— D)
Kk'=1 %!
= EM: Deterministic soft assignment N\
) _q A N A All formulas are like:
o @"(Znk = 1xp, 1, A) < N Cop [y, Ag) Mixing ratio
= VB: Deterministic soft assignment X
o Q" (Zni = 1) « G ]G[N (x| i, Age)] Component

CVB: Deterministic soft assignment distribution /

(-n)
() (1) () +1-0)

o q(zp =1) = Zlk{’< k< (>n)> St (xn

k/




Learning Algorithms

 Learning algorithm can be categorized

with respect to how to deal with uncertainty

Latent variables Z

Point estimates Posteriors Sampled
values
: K-means+ EM
Point e :
estimates (maximization- (expectation-
maximization) maximization)
Param Bayesian K-means VB
eters | Posteriors (maximization- (expectation-
T, U1, A expectation) expectation)
Sampled Gibbs sampllng
values (sampling:
sampling)




Implementation Example in C++

Implement basic functions for updating posteriors
= Input: prior + statistics  Output: posterior

posterior.h
void update_dirichlet void update_student
(mcl::Dirichlet& dirichlet, (mcl: :Student& student,
mcl: :Dirichlet& dirichleto, const mcl::Gaussian& gaussian,
const std::vector<double>& s); const mcl::Wishart& wishart);
void update_gaussian_wishart Predictive distribution
(mcl::Gaussian& gaussian, (used for collapsed inference)

mcl: :Wishart& wishart,

const mcl::Gaussian& gaussian@,
const mcl::Wishart& wisharto,
double s,

const std::vector<double>& sx,
const std::vector<double>& sxx);



Implementation Example in C++

« Combine appropriate functions for your model

= Use conjugate priors as much as possible
VB for DP-GMM

Library
CVB for HDP-HMM

VB for HMM

MapReduce-type parallelization is easy



Implementation Example in C++

« Implement HTK-like commands
= vbgmm_init [model.xml] [K]
. Make an initial model with K components
= vbgmm_train [model.xml] [data.csv] ([#iterations])
. Update the model using the data
. Overwrite the modelfile

« Parallelization based on boost::mpi
- MapReducing EM algorithm for Master-Slave architecture
. E-step: Masterdistributes the data to S/aves
— Each S/ave calculates the responsibilities for the given data
. M-step: Mastergathers the responsibilities from S/aves
— Masterupdates the posteriors



Bayesian Estimation of
Infinite Gaussian Mixture Models

Collapsed Gibbs Sampling
Variational Bayes



Nonparametric Bayesian Models

« Bayesian models with infinite complexity
- “Nonparametric” means having an infinite number of parameters
- Excellent generalization capability

. If we have an infinite amount of data, all an infinite number of
parameters are required

. If we have a finite amount of data, only a finite subset is required

Infinite amount of data Nonparametric Bayesian model

Observe
data

(infinite model)

We are free from
model selection!




Dirichlet Process G ~ DP(a, G,)

« Aninfinite-dimensional prior distribution
= (Capable of generating infinite-dimensional distributions

(G ~ DP (C( GO) The DP can be explicitly rewritten as

Concentration Base G(O) = T[k59k(9) 0, ~ G
parameter measure
Discrete Continuous
Go | | 1| Go
| 1

6
Modify distribution Modify distribution

Discrete Discrete
G, | | G )|
| L | : | 5 | | |

0

N
Ll

\




Discrete Base Measure G,

« The DP always generates discrete distributions
= The positions of “atoms” are shared with the discrete base measure

G(@) = Z 7Tk59k(0) Qk ~ Go 4Each 0, is one of {0, 92,---,9,}]
k=1 0
Discrete G(H) - z nk59k(9)
Go | ‘ o

k=1
I
0 A BIEAIO
Modify distribution . A 2 g
i=1 \k

:0,=0;

Discrete
G ‘ | ‘ | anensional ]
6, 6, 0, 9, 6 g discrete distribution




Continuous Base Measure G,

« The DP always generates discrete distributions
= The number of “atoms” are countably infinite

oo

G(O) = Z nk59k(9) 0, ~ G, {0,{’5 are almost surely disjoint]

k=1

Continuou/\/\/\
Go

4 )
If we use a continuous prior distribution
as a base measure G,, we can generate

an infinite-dim. discrete distribution!
\_ J

N
Ll

0
Modify distribution

-

Discrete

4l |

If G, is a Gaussian-Wishart distribution
(the probability space is over 6 = {u, A})
%

G consists of infinitely many Gaussians

{0,,, 05} with weights {m,, -+, .}



Stick Breaking Process

« Stochastically generate the weights {r,, -+, 7.}

- a.k.a. Griffiths-Engen-McCloskey distribution Beta(a, )
1 ~ SBP(a) or GEM(a)
J k-1
v, ~ Beta(l,a) my = vy (1 —vyr)
k'=1
| 11 L T2 T3 I I AL
| | | | I |
A\ U\ _J/
Y
(2 1—1v4
Generalization: —— ~ ~
Pitman-Yor process 1% 1—v,
v ~ Beta(l — d, a + dk) \ /- ~ /
v3 1 - v3

Beta two-parameter process
Beta(a, )



Concentration Parameter a

« The concentration parameter controls the sparseness
= The value of a is unknown — Introduce a hyper prior on «

Continuou/\/\/\

~ Beta(1, a) ~ Beta(1, a)
Ty . T 7T3 -y Larg‘e/ Y\alla , 7T1 , T2 T3....
T . o — l ‘‘‘‘‘‘‘‘‘‘‘ i | m
Dlscme V ..... HLL D'Screte """" - v
| . . I I
Many 6’s are likely to be used Fewer 6's are likely to be used
for representing the data for representing the data

Assume a ~ Gamma(a, b) for taking into account uncertainty




Generative Story of iGMM

 Generate infinitely many Gaussians using a DP

00

1T ~ SBP() s8pprior
G(”J A) - z nk5ﬂk:Ak (M; A) Mk' Ak ~ GO (ﬂ, A) Gaussian-Wishart prior

k=1
Continuou/\/\/\ Discrete ‘ “H‘
GO 5 G ||| ‘ i |}n..k ||| | 5
{H; A} {”k ’ Ak} {ﬂ: A}
- Generate samples independently ___ @ tion
forn = 1 N

z, ~ Categorical(z,|m)

M n A ~ G, A) 0 Infinite
N(xnlﬂn; 1) Xn ~ 1_[ N(xnluk; Ak)znk GMM!
end k=1 Y




Formulation of GMM

« Formulate a full joint distribution G
p(X,Z, 1w, A) = p(X|Z, p, A)p(Z|m)p(m)p(p, A)

N K
X1z = | || [ ¥l ait)™ @

n=1 k=1 N

N
p(Z|m) = 1_[ Categorical(z, ) = 1_[ BE f ]L.ikelzhood
unctions

@

=1 k=1
\

A F(Zli§:1“0k) Aor—1
p(m) = Dir(rla) = 0k>g”k

> Prior
distributions

p(p, A) = ]_[N(uk|mo (Boi) ™ )W (A [Wo, vo)
J




Formulation of iGMM

« Use a SBP prior instead of a Dirichlet prior
p(X,Z,mt,u, A, ) = p(X|Z, p, A)p(Z|v)p(v|a)p(a)p(p, A)

p(X|Z,u,A) ﬁf N (x, |1y, AxL) ™ )
n=1 k=1
' G o
p(Z|v) =ﬁn<v H(l—vk/)>
n=1 k=1

00 N
p(v|a) = r Beta(v|1,@) p(a) = Gamma(a|ag, by)

=1 | SBP prior

p(u,A) = r N (py lmg, (BoAr) D)W (Ag|Wy, vp)

o>

©

Likelihood
functions

N

Prior

e distributions




Hierarchical Conjugacy

 Beta-Bernoulli & Gamma-Exponential conjugacy

- The VB is applicable for learning an iGMM Drop z,
N oo k-1 “nk \l/
) =| || [ w] [a-ve
n=1 k=1 k'=1
N o o 1-— %)
— Znk _ Yl Z .0
[ Toea-vo s 20/ N ko
no=01 fe=1 The number of z,,’s that pass k 1—-wvs3 machine
YN=1Znk > \ZF z
— Hvk nELINE (] — vy, )em=1 Sk >k Onk!
k=1 [_Til\e number of z,’s that stop at k P(Znz = 1|v) = (1 —v)(1 — v,)v3
0 IConjugate
1-1 a—1 bao
p(v|a) = l_[avk (1 =0 )" e () = —0 _a-1g=hox
Conjugate I'(ap)

k=1




VB for iGMM

« Approximate a posterior p(Z,v, u, A, a|X)
= Use a variational distribution q(Z)q(v)q(u, A)q(a) =~ p(Z,v, u, A, | X)
= Iteratively update (optimize) each factor
. VB-Estep
—logq*(Z) = (logp(X, Z,v, i, A, @)) gy up,) + CODSL.
= (logp(X|Z, u, ) p(Z|v))gwun) + const.
. VB-Mstep
—logq*(v) = (logp(X,Z,v,u, A)) gz ura) + cOnst.
= (logp(Z|v)p(v|a))q(z) + const.
—logq*(u,A) = (logp(X,Z,v,u, A))g(zv,a) + CODSL.
= (logp(X|Z, u, A)p (1, A))g(z) + const.
—logq*(a) = (logp(X, Z,v, u, A)) y(zvpun) + const.
= (logp(v|a)p(a))q) t+ const.



VB-E Step for iGMM

* Invoke the updating formula of VB

- Take the expectation of the full joint probability distribution
under variational posteriors over other variables

= Focus on only terms including Z
(other terms can be absorbed into the normalization factor)

log q* (Z) — (10g p(X, Zr v; M; A) a»q(v,u,A,a) + const.

— (lng(X|Z, U, A)p(ZIv)p(vla)p(a)p(u, A))q(v,u,A,a) + const.
= (logp(X|Z, u, ) p(Z|v))gv,un) + const.

—1\%2n
p(X|Z,p,A) = l_[ 1_[ N (2, |, A1) ™

n=1 k=1

N o k-1
p(ZIv) = ]_H_[ v | [ -w

n=1 k=1 k'=1

Znk




VB-E Step for iGMM

« Proceed the calculation according the updating rule

N

(10gp(zlv)>q(v) = Z Znk <<10g vk)CI(Uk) +

n=1k=1

k-1

z (log(1 — vk’)>q(v /)>

k'=1

N (o'e}
(logp(X|Z, 1, A))q(un) = Z Z (log N (xn e, A )>Q(Hk'Ak)
n: =

log q*(Z) = (logp(Z|v))qw) + (logp(X|Z, u, A))q(un) + coOnSt.

=2

MS

S
Il
U
&
Il
-

k-1 Infinite GMM
Znk | (108 Vi) q(vy) + Z (log(1 — Vk’)>q(v N T <lOgN(x"'”"’Akl))q(uk,/\k)
kl

+const.
Finite GMM

Znk 108 Py + const.,
(log ) ()

NEE
NgE

]
Il
[uE
w
Il
[uEy




VB-E Step for iGMM

 Calculate the variational posterior over latent variables Z

- The normalization factor is automatically determined
N 0

logq*™(Z) = z z Znk 108 ppi + const. _ Truncate the variational posterior\
n=1k=1 atthelevel K ie, q(z,;>x) =0
Vo = Pnk The larger K becomes, the more
nk T yK accurate the approximation is
k'=1 pnk’ pp J

N (o'e]
log C[*(Z) — z z Znk logynk
n=1k=1

Latent variables are
categorical distributed!

N
Yok = 1_[ Categorical (z,,|y,)

n=1

1=
1

q*(Z) =

S
I
[y
RA
Il
[y




VB-M Step for iGMM

* Invoke the updating formula of VB

- Take the expectation of the full joint probability distribution
under variational posteriors over other variables

= Focus on only terms including Z
(other terms can be absorbed into the normalization factor)

logq* () = {log p(X, Z, v, 11, A)) gz un.c) + CONSL.
=logp(v|a) + (logp(Z|v))qz) + const.

logq" (1 A) = (10g (X, Z, 1, 1, A) g 75,01 + comst.  Same as fnite GMM )
=logp(u, A) + (logp(X|Z, 1, A))gy(z) + const.

logq*(a) = (logp(X,Z,r,u, A)) gz vun) + cOnst.
= logp(a) + {logp(v|a))qa) + const.

Bayesian estimation in simple conjugate models!
(Use responsibilities g(Z) instead of latent variables Z)




VB-M Step for iGMM

« (Calculate the variational posterior over parameters v

= The posteriors take the same forms of the priors

Skll] = Z)/nk Sklx

\.

co

z Vnk Xn

8

N

. T Sufficient

- Vi XnXn statistics
n=1

(
(vla) = Beta(vkll, a) = av;_l(l _ vk)a:—l
k=1 k=1
Bayes'
< p(Z|v) = 1_[ n= 17k (] — vk)zﬁzlzz‘izkﬂznk, theorem
v
v Replace z,,;, with y,,,
p(W|Z,a) = nBeta(vk|1 Nz, XN Y i1 Znk’ ) 7" (v)
=1




VB-M Step for iGMM

« (Calculate the variational posterior over parameter «

= The posterior takes the same forms of the prior

= Use that fact that if x ~ Beta(1, @), then —log(1 — x) ~ Exponential(a)
= ¢*(a) is analytically tractable in case of iGMM

- by°
p(a) = Gamma(alay, by) = Flan)

ao—l —boa

a e

® 00 Bayes'’
p(w|a) = nBeta(ka,a) = aX 1_[(1 — 1)L — theorem
k=1 k=1

Replace log(1 — vy,)
p(alv) = Gamma(ala, + K, by — Yi=; log(1 —¥vy)) with (log(1 = v;)),, |

q (a)




Some Tricks

« Truncate the variational poster q(2)
= The infinite-dimensional true posterior p(Z|X) is NOT truncated!
= q(z,) is truncated at a sufficiently large level K ie., q(z,;>x) = 0
= K corresponds to how accurately q(Z) approximates p(Z|X)
 Sort K clusters in descending order before VB-M step
- Remove unnecessary cluster k with S, [1] = 0 /—/\ ~

This is effective for:
| Ty T LT3 e 1. accelerating
| | | | 11 I the convergence
\\. A J o e
Y 1 v 2. avoiding
% — v i
1 NN i g _ \_ poor local maxima
: v — v
The SBP prior generates  * — ZY Wy
exponentially-decaying Vs 1 — vy

mixing ratios &



Limitation of VB

* Finite truncation at a certain level K is required for VB
= Alarge amount of computational power is wasted

- K should be sufficiently large even if only a few clusters
are required for representing the data

Infinite dim. )
O 0
Z ~ CRP(«a)
v ~ GEM(a)
@ {é) || &—®
k N

If we can marginalize out v,
we do not need to deal with |nf|n|tyI




Truncation-Free Approach

« Marginalize out infinite-dimensional parameters m or v
- Take the infinite limit of a Dirichlet-Categorical model

4 . . . . .
K-dimensional Dirichlet prior

T ~ Dir(m|af ) ﬁK:\ll !

Likelihood X
z,.y ~ Categorical(z|m)

-

KK

Given Z_,, as observed data, z, is predicted as:

Likelihood Posterior

P = 12) = | o = 1mp(lZ_dz.,

= J . Dir(m|aBy + X op 2p)AZ_y =

|

N T
77:3& M ?
11 n f ded
I, 1 Infinite-side
K die
Ty
Tig
) 0
g
The number of samples
belonging to cluster k
among N — 1 samples
o i
K + LnranZn'k K - o n}({—n)
K a —
k'=1 (K + Zn’:atn Zn'k! (N—-1)+a




Truncation-Free Approach

« Focus on the probability that a new cluster is selected
- Accumulate the probabilities that existing clusters are selected

- N
K-dimensional Dirichlet prior T3 i
m ~ Dir(m|aBy) By = l,l, ,1 T Infinite-sided
K K K di
Likelihood ¥ ~
z,.y ~ Categorical(z|m) K s i
_ ZuN g ) 0
Mg
Given Z_,, consisting of K clusters, z,, is predicted as: Sum: V-1
f N-1+«a

n,((_n)

Existing cluster k (1 < k < K) is selected
p(znk = 1|Z_;) =< (N-1)+a

a
New cluster k (k > K) is created
(We index the new clusteras K + 1 ]




Chinese Restaurant Process

« Sequentially generate samples s.t. “the rich get richer”
= Used as a prior on latent variables Z (= z,.)

z,.y ~ CRP(a) 0 ~ Gy(0) ifanew cluster is created

Suppose n — 1 customers z,.,,_, are already seated in restaurant G,

The next customer z,, stocastically selects a table as follows:

P(Zny = 1|2151) =

\_

15+«

3
P(Znz = 1|215—1) = —— D(2n3 = 1]|21p—1) =

15+«

5

15+«

J

Existing tables New table
7 customers 3 customers 5 customers I
05 O 0O
O O O/ Dish Dish
O S @ A~ s C s
0 O Go= ~ '®) O

P(Zpa = 1|2151) =

L

a

15+«

J




Exchangeability

« The customer order does not change the CRP probability
CRP(Z|a) = p(z,)p(2;|21)p(25|21.2)0(24|21.3)0(25]21.4)0(Z6121.5)

: 3 customers 2 customers 1 customer A
p(z1 = a @ (24 = 1|z,3) —— @ P(Zs3 = 1)2:5) ——

Py =lz) =—— —> plzz = 1lz;p) = P(z2 = 1lzl4-> —m

\_

CRP(Z|a) = P(Ze)P(ZS|Z6)P(Z4|Zs:6)P(Z3|Z4:6)P(Z2|Z3:6)P(Z1|Z2:6)
: 3 customers 2 customers 1 customer b
2+

p(z11 = 1lz6) = 5_{_2 P(Zgp = 1|2z5¢) = St a @ P(zs3 =1) zm ‘
p(z1 = 1|z36) =—— <— (231 = 1z46) —L \ p(zs; = 1|26) =1%q

\_




Relationships between DP, SBP, and CRP 86

« Two major approaches to representing the DP
= SBP: Represent how a distribution ¢ is drawn from the DP
= CRP: Represent how samples Z are drawn from the DP

Base measum\
Go

G~DP(a,G)) ¢ [ °° )

™ G(0) = ) i3, (0)
ALt

Infinite-dimensional
distribution

G ||I ‘ IU—>< o
Oy ~ G 0 knl:oo ~ SBP(“) 91:00 ~ GO(Q)/
Hi
stoZgram ‘ ‘ | - 4 Z1:N ~ CRP(“) 91:K ~ GO(H) ]
| - >

K clusters )




“Collapsed” Algorithms

« Reduce the number of variables for fast/better estimation
- The parameters can be marginalized out because of conjugacy

pX,Z,u A, a) = p(X|Z,u, Np(Z|la)p(a)p(u, A) B p(X|Z) = p(X|Z2)p(Z|a)p(a)

Marginal likelihood for Z (mixing ratios are marginalized out)

p(Z|a) = CRP(Z|a) p(Zla) o lim | p(Z|m)Dir(wlapy)dn

p(a) = Gamma(a|ay, by) Hyper prioron a

N K N [ Marginalization over u, A
_1\Znk is analytically tractable!
p(X|Z,p, A) = HHN(xnmk,Akl) : L
n=1 k=1 > Conjugacy holds true

(Gaussian-Wishart-Gaussian)

K
p( &) = | [ NGuilmo, BoAd) ™ W (A [Wo, vo)
k=1 /




Collapsed Gibbs Sampling for iGMM

« Generate samples from p(Z, a|X)
= Divide {Z,a}into {z,},{z,},--,{zn}, {@}
« forn=1:N
.« Sample z, ~ p(z,|X,Z_p, a) = p(zp|xp, X_n, Z_p, @)

P(an — 1|xn»X—n» Z—n» a) X p(an — 1» xnlx—n»z—n» Cl)
= p(an =1|Z_,, a)p(xnlznk =1,X_,Z_,)

= CRP(znx = 1|Z_;, a) j D (Xp |, A )p (g, A | X _n, Z ) d g d Ay

( (-n)
' (-m) m) (-m) 4 o
_ N—-—1+a St (xn|mk L, v 7 +1 D) for existing cluster k (1 < k < K)
(N-1+a St(xy|mg, Lo, vo + 1 — D) for new cluster K + 1



Remove-and-Add Scheme

« Update z, using the remove-and-add scheme
» The number of tables K can be increased

4 ) 4 )

Remove z, @ @

& ®
e B

/ 2+« T
a
//2+a/ AOIOI22\12+

/ \\ J/ \ J/
Seated at an existing table Seated at a new table




Remove-and-Add Scheme

« Update z, using the remove-and-add scheme
» The number of tables K can be decreased

s

& ®
(e

N

J

Remove z3

s

Seated at an existing table

C@
2+«
[
gnew
2 ,

Seated at a new table




CRP Probability

« Calculate the probability of seating arrangement
K M) K
a
Z|a) = — 1)1 = oK [ [on -
p(Z|a) N (—1+a) %:Ia(nk N=a F(a +N) k=1(nk )
Zla) = Z =
Data augmentation p(Z]a) fp(Kﬂﬂa) A F({(P}ff?)(nlai-l ) d,\?_l
¥ a+n) e N = Farpran ) 170~
p@ i) === | -] 0T
k=1
: 3 customers 2 customers 1 customer |
p(z =1 2 @

“0+a

©

l

\ 1+a

a
E Pz =1lz13) = 57—

Pz =1z) =7—— —> p(z =1z,) =

@ P(Ze3 = 1|21.5) =

p(zs; = 1|Z14) =




Collapsed Gibbs Sampling for iGMM

« Generate samples from p(Z, a, | X)
= Sample a ~ p(alX,Z,1) « p(Z,n|a)p(a)
- Sample n ~ p(n|X,Z,a) x p(Z,n|a)

Ao

Sampling from beta

p(a) = Gamma(a|ag, by) = ——— %~ le~box r(n|Z, a)
'(ao) // = Beta(a + 1,N)
(Z |a) _ aK_l(a + n) a(l _ )N—l ﬁ(n . 1)' BaYES'
PRI ="y 7 1l k " 7| theorem
e CZKT]“ + naK—lna
\ 4

p(a|Z,n) o« qtotK-1o=(bo—logma 4 pyao+k=2,=(bo-logmn)a

« wGamma(a, + K, by —logn) + (1 — w)Gamma(a, + K — 1, by — logn)

w _ ao‘l‘K—l
1-—w N(by—logn)

Sampling from gamma mixture




Summary

« Maximum likelihood estimation for finite GMM
- EM algorithm and hard EM (k-means)

 Bayesian estimation for finite GMM
= (Collapsed) Gibbs sampling
- (Collapsed) variational Bayes
- Bayesian estimation for infinite GMM [ oL eaeble wih 537 J
= Collapsed Gibbs sampling with Chinese restaurant process
- Variational Bayes with stick breaking processi CVB s feasible with CRP ]

« Other topics
= Hierarchical Dirichlet process
. HMM, PCFG (sequential data), LDA (grouped data)
= Beta process, gamma process, Gaussian process
. (Nonnegative) matrix factorization
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Assignments

« ML estimation

= Derive the update formulas of the parameters o, u, A (p. 22)
by letting the partial derivative of the lower bound (p. 20)
w.r.t. each parameter equal to zero.

- Implement the EM algorithm by using your favorite language.

« Bayesian estimation

= Derive the variational posteriors of the parameters m, u, A (p. 47)
by using the formulas (p. 46)

= Try one of the following at least:
. Implement the VB algorithm
. Implement the GS algorithm
= Optional:
. Implement the other algorithms for finite/infinite GMMs.



How to Submit

« Report submission
= Deadline: 7/21 (Fri.)
= “Assignments” — “Assignments 6/7 (Yoshii)”
= Upload two files
. PDF file: Report document
. Zip file: Codes and instructions (README)

« Program specification
= your_program_or_script X.csv z.csv params.dat

= Show the value of the likelihood or lower bound at each iteration
= Qutput z.csv and params.dat [ 0.2,0.3,0.5 ]

. el 0.5,0.1,0.4
. z.csv: Posterior probabilities of z,, 0.1.0.8.0.1
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